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Abstract
We use AdS5 × S5 superstring sigma model perturbation theory to compute the leading one-
loop corrections to the dispersion relations of the excitations near a long spinning string in AdS.
This investigation is partially motivated by the OPE-based approach to the computation of the
expectation value of null polygonal Wilson loops suggested in arXiv:1006.2788. Our results are in
partial agreement with the recent asymptotic Bethe ansatz computation in arXiv:1010.5237. In
particular, we find that the heaviest AdS mode (absent in the ABA approach) is stable and has a
corrected one-loop dispersion relation similar to the other massive modes. Its stability might hold
also at the next-to-leading order as we suggest using a unitarity-based argument.
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1 Introduction
The classical string solution describing a folded closed string spinning around its center of mass in
AdS3 ⊂ AdS5 [1, 2] plays an important role in many recent studies of gauge–string duality. In the
large spin limit when the string becomes very long and stretches towards the boundary of AdS5 the
solution becomes very simple [3, 4]: t = φ = κτ, ρ = κσ, 0 < σ < π2 , κ ≈ 1π lnS, i.e. homogeneous or
“constant field strength” one.1 The resulting world surface happens to be equivalent, via an analytic
continuation and a global SO(2, 4) transformation, to that of the null cusp solution [5, 6], explaining
[7, 8], from a world-sheet perspective, the relation between the coefficient of the lnS term in the closed
string energy and the cusp anomaly.
The sum of energies of small fluctuations around the solution determines the 1-loop correction to
the folded string energy [3], but one can also study the individual energies [3, 8] of these fluctuation
modes which should represent, by analogy with the BMN case, the strong coupling limit of anomalous
dimensions of the “near-by” gauge-theory operators. The dependence of these fluctuation mode ener-
gies on the gauge coupling λ or string tension came into focus recently [9, 10] in connection with the
investigation of the OPE for polygonal null Wilson loops [11] related to gluon scattering amplitudes
in N = 4 SYM theory [6, 12]. In particular, ref. [10] found the expressions for the dispersion relations
for these modes starting from the asymptotic Bethe ansatz (ABA) of [13].
Our aim here will be to derive these dispersion relations to leading non-trivial order in strong-
coupling 1√
λ
expansion directly from the quantum AdS5 × S5 superstring theory and compare the
results to the ABA predictions of [10].2 Our approach will be similar to that used in a different
context in [15] and will be based on the AdS light-cone gauge [18] formalism of our previous works
[16, 17] where we expanded near the null cusp open-string world surface.
Let us start with a summary of our results. The direct analysis of quadratic fluctuation operators
in the infinite spin limit3 reveals [3] the presence 8+8 modes with 2d relativistic dispersion relations
E2 = p21+m
2, where p1 is the spatial component of the momentum, p1 =
2πn
L =
n
κ :
4 one bosonic mode
with m2 = 4 (AdS3 fluctuation transverse to the string world sheet); 2 bosonic modes with m
2 = 2
(AdS5 fluctuations transverse to AdS3); 5 bosonic modes with m
2 = 0 (S5 fluctuations); 8 fermionic
1Here the AdS3 metric in global coordinates is ds
2 = − cosh2 ρ dt2 + dρ2 + sinh2 ρ dφ2. This approximate solution
is built out of 4 segments (ρ = κσ, 0 < σ < pi
2
, etc.) so that the string’s length is L = 2πκ = 2 lnS. The ends of the
string move along null lines at the boundary.
2Let us mention that the classical dispersion relation for large excitations of folded string (analogous to giant magnons)
was constructed using classical integrability in [14].
3In general, the quadratic fluctuation operators near folded spinning string have a Lame´ form and thus their spectra
can be, in principle, explicitly determined also for finite spin S [19].
4Our conventions here are as follows: E = 1
κ
e, where e is 2d energy, so that for a particle of mass s κ we have
e =
√
n2 + s2κ2, E =
√
p21 + s
2. Since for large S we have κ ≫ 1 we assume that n ≫ 1 so that the 2d spatial
momentum p1 is fixed in this limit (in this limit the spatial dimension of world sheet is decompactified).
2
modes with m2 = 1.5 As we find below, the leading 1√
λ
corrections to the dispersion relations of these
modes may be written as follows:
E2(p1;λ) =
[
p21 +M
2(λ)
][
1 + c√
λ
p21 +O( 1(√λ)2 )
]
, (1.1)
M2(λ) = m2 + q√
λ
+O( 1
(
√
λ)2
) , (1.2)
m2
AdS3
= 4, m2⊥AdS3
= 2, m2
S5
= 0, m2
F
= 1 , (1.3)
q
AdS3
= 0, q⊥AdS3 = −π , qS5 = qF = 0 , (1.4)
c
AdS3
= −12π, c⊥AdS3 = −π , cS5 = −
7
3
, c
F
= −2π , (1.5)
We observe that the masses (defined as the values of energy at vanishing momentum) of the AdS3 mode,
the fermions and the S5 scalars are not renormalized: E
AdS3
(0;λ) = 2, E
F
(0;λ) = 1, E
S5
(0;λ) = 0.
Also, while for the 2 transverse AdS5 modes the mass gets renormalized, we find that E⊥AdS3 (±i;λ) = 1
(to leading order in 1√
λ
we consider). These exact relations are in agreement with the expectations [8]
based on the interpretation of these modes as Goldstone particles associated with partial breaking of
the original global SO(2, 4) × SO(6) symmetry by the classical solution. According to [10], the ABA
predicts that the relations E⊥AdS3 (±i;λ) = 1, EF (0;λ) = 1 should hold for any λ and EF (±i;λ) = 0
should be valid to all orders in strong coupling expansion.
The leading mass shift of the two “transverse” AdS5 modes (M
2
⊥AdS3 = 2 − π√λ + O(
1
(
√
λ)2
)) is in
exact agreement with the ABA result of [10]. The results for the coefficients c⊥AdS3 = −π = 12cF also
agree with those of [10].
This matching is not of course totally unexpected as the ABA is already known to be in agreement
with the semiclassical string theory,6 though subleading corrections to dispersion relations test more
than just the “1-loop” or “quadratic” fluctuation Lagrangian but also the interaction vertices and thus
are similar in spirit to the 2-loop string corrections to the “ground-state” energy.
At the same time, we also find some differences compared to the results of [10]. First, at very
low energies the massless S5 modes are expected to decouple from the massive modes and thus be
described [8] by an effective O(6) sigma model whose asymptotic states are 6 massive scalars with
non-perturbatively generated mass M2
S5
∼ m2e− 12
√
λ (m is the mass scale of our massive modes or
an effective UV cutoff). Our perturbative computation of the 2-point function does not, of course,
capture this effect. The asymptotic O(6) states considered in [10] are thus different from our 5 massless
5This interpretation of modes is found in conformal gauge. In general, it depends on coordinate and gauge choice.
For example, in conformal gauge there are two massless modes in AdS3 and 5 massless modes from S
5 two of which are
longitudinal and whose contribution is cancelled by that of the conformal ghosts. In the static gauge (with fluctuations
of t and ρ fixed) or in the AdS light-cone gauge discussed below all modes are physical with the massless modes coming
only from S5.
6The one- and two-loop corrections to the cusp anomaly match; the leading-order energies of fluctuations near folded
string are also captured by the semiclassical ABA or through algebraic curve considerations (see, e.g., [21]).
3
scalars and so one may think that there is no a priori reason why the value of c
S5
= −8πcscalar =
1
12π(12)1/4
[Γ(14)]
4 ≈ 2.46 found in [10] should match our value in (1.5). Still, we do not understand
the origin of this disagreement assuming we are considering the same range of momenta and coupling
values.7
More importantly, the heaviest AdS3 mode is apparently absent in the all-order ABA analysis of
[10]. One possible reason for why it may have been missed is that it should be identified not with twist
one but with a higher twist excitation [10]. Another possible explanation suggested in [11] is that this
mode may decay into a pair of fermions (notice that m
AdS3
= 2mF = 2) and thus may disappear from
the spectrum at finite λ by analogy with a similar proposal [15] for the heavier BMN-type excitation
in AdS4 × CP3 context. In [15] it was argued that the corresponding loop-corrected propagator has
no longer a pole but a branch cut and therefore does not describe an asymptotic state.
We do not find, however, evidence in support of this scenario in the present case: the corrected
propagator still has a real pole described by (1.1). One may also give a unitarity-based argument
that the decay of the heavy AdS3 mode into two fermions will not happen at 1-loop order. One may
wonder though if this heavy mode may still be interpreted as a stable threshold bound state of two
fermions and thus should not be considered as a separate excitation in the ABA spectrum. A hint in
that direction is the observation that the corrected dispersion relations (1.1)–(1.5) for the two modes
are related in the same way as their tree-level counterparts:
E
AdS3
(p1;λ) = 2EF (
1
2p1;λ) . (1.6)
It remains to be seen if that “bound state” interpretation can be given some precise sense.
It is possible that the fate of this heaviest bosonic mode can be clarified by starting with a folded
spinning string solution with an extra orbital momentum J =
√
λν in S5 [3]. In that case the
fluctuation spectrum contains the following physical modes in conformal gauge [4]:8
E(±)
AdS3
=
√
p21 + 2± 2
√
1 + ℓ
2
ℓ2+1
p21 , E
×2
⊥AdS3
=
√
p21 + 2− ℓ
2
ℓ2+1
, (1.7)
E×4
S5
=
√
p21 +
ℓ2
ℓ2+1
, E×8
F
=
√
p21 + 1 , (1.8)
where p1 =
2πn
L =
n
κ , L = 2πκ = 2π
√
J 2 + 1
π2
ln2 S = 2 lnS
√
1 + ℓ2, κ2 = µ2+ν2, µ = 1π lnS, ℓ ≡
ν
µ . Here the unphysical modes are one time-like massless mode in AdS5 and one space-like massless
mode in S5. The AdS3 mode with energy E
(−)
AdS3
becomes a massless field with relativistic dispersion
relation in the limit J → 0, i.e. ℓ→ 0.
7At large λ non-perturbative effects should not be relevant so unless one considers special scaling of p1 one would
expect to find matching.
8In the static gauge (t˜ = ρ˜ = 0) where the longitudinal massless modes are already gauge fixed the two modes
with energies E(±)
AdS3
originate from mixing of the angular fluctuations in the AdS3 and in the S
5 (those in the angular
momentum carrying directions). Similar picture is found in the AdS light-cone gauge [16, 17].
4
The heaviest mode with energy E(+)
AdS3
may then be interpolated to a large J state in the sl(2) sector
that is visible also at weak coupling while for small J it reduces back to the above stable m = 2 mode.
Modulo subtleties of the limits involved, that suggests that this mode should be there in the ABA
description at all λ. 9
The structure of the rest of this paper is as follows. In section 2 we review the AdS5×S5 superstring
action in the AdS light-cone gauge and expand it near a classical solution representing the null cusp
surface which is equivalent to the large spin limit of the folded string. In section 3 we compute the
1-loop corrections to the 2-point functions of the fluctuation fields in the action. This allows us to
extract corrections (1.1)–(1.5) to their dispersion relations. In section 4 we shall comment on stability
of the heaviest m = 2 mode pointing out the difference between the present case and the one discussed
in [15]. Some concluding remarks are in section 5.
2 Review of the AdS light-cone gauge action
In this section we briefly review the structure of the AdS5×S5 superstring action in the AdS light-cone
gauge [18], in particular its expansion around the null cusp solution [16].
The AdS light-cone gauge is adapted to the Poincare´ patch of AdS5×S5 (m = 0, 1, 2, 3; M = 1, ..., 6)
ds2 = z−2(dxmdxm + dzMdzM ) = z−2(dxmdxm + dz2) + duMduM , (2.1)
xmxm = x
+x− + x∗x , x± = x3 ± x0 , x = x1 + ix2 , (2.2)
zM = zuM , uMuM = 1 , z = (zMzM )1/2 ≡ eφ . (2.3)
Starting with the superstring action of [20] in these coordinates, the AdS light-cone gauge is defined
by fixing κ-symmetry by the condition Γ+θI = 0 on the two 10-d Majorana-Weyl fermions as well as
imposing
√−ggαβ = diag(−z2, z−2) , x+ = p+τ , (2.4)
where gαβ is the 2-d metric. The latter conditions fix completely the 2d diffeomorphism invariance
and decouple the unphysical modes from the theory.
We will work with the Euclidean version of the worldsheet action, which may be obtained by
redefining τ → −iτ, p+ → ip+. After setting p+ = 1, the gauge fixed AdS5 × S5 superstring action in
Euclidean signature takes the form
I =
1
2
T
∫
dτ
∫
dσ LE , T = R
2
2πα′
=
√
λ
2π
, (2.5)
LE = x˙∗x˙+ (z˙M + iz−2zNηiρMNijηj)2 + i(θiθ˙i + ηiη˙i − h.c.) − z−2(η2)2
+z−4(x′∗x′ + z′Mz′M ) + 2i
[
z−3ηiρMij z
M (θ′j − iz−1ηjx′) + h.c.
]
. (2.6)
9Note, however, that in the small ℓ expansion the tree-level mass of the heavier mode (E(+)
AdS3
=
√
p21 + 4
[
1+
p2
1
2(p2
1
+4)
ℓ2+
...
]
) is still 2, i.e. is still equal to the sum of the two fermion masses, implying again a possibility of a threshold decay.
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The fermions are complex θi = (θi)
†, ηi = (ηi)† (i = 1, 2, 3, 4) transforming in the fundamental
representation of SU(4). The ρMij are off-diagonal blocks of six-dimensional gamma matrices in chiral
representation and (ρMN ) ji = (ρ
[Mρ†N ]) ji and (ρ
MN )ij = (ρ
†[MρN ])ij are the SO(6) generators.
The Euclidean action admits the following classical solution
z =
√
τ
σ
, x+ = τ , x− = − 1
2σ
, x1 = x2 = 0 . (2.7)
This is nothing but the null cusp background [5, 7] written in this light-cone gauge. It describes a
euclidean world surface of an open string ending on the AdS boundary (we assume that τ and σ
change from 0 to ∞). Since x+x− = 0 at z = 0 this surface ends on a null cusp. As was already
mentioned above, this light-like cusp solution is related by an analytic continuation and a global
conformal transformation to the infinite spin limit of the folded string solution.
Fluctuations of fields around this classical solution can be defined by [16]
z =
√
τ
σ
z˜ , z˜ = eφ˜ = 1 + φ˜+ . . . , zM =
√
τ
σ
z˜M , z˜M = eφ˜u˜M (2.8)
u˜a =
ya
1 + 14y
2
, u˜6 =
1− 14y2
1 + 14y
2
, y2 ≡
5∑
a=1
(ya)2 , a = 1, ..., 5 , (2.9)
x =
√
τ
σ
x˜ , θ =
1√
2σ
θ˜ , η =
1√
2σ
η˜ . (2.10)
A further redefinition of the worldsheet coordinates (τ, σ) → (t, s) which makes the induced world-
sheet metric conformally flat 10
t = 2 ln τ , s = 2 ln σ , dtds = 4
dτdσ
τσ
, 2τ∂τ = ∂t , 2σ∂σ = ∂s , (2.11)
leads then to the following Euclidean action:
S =
√
λ
4π
∫
dt
∫ ∞
−∞
ds L , (2.12)
L = ∣∣∂tx˜+ x˜∣∣2 + 1
z˜4
∣∣∂sx˜− x˜∣∣2 (2.13)
+
(
∂tz˜
M + z˜M +
i
z˜2
η˜i(ρ
MN )ij η˜
j z˜N
)2
+
1
z˜4
(
∂sz˜
M − z˜M)2
+ i(θ˜i∂tθ˜i + η˜
i∂tη˜i + θ˜i∂tθ˜
i + η˜i∂tη˜
i)− 1
z˜2
(η˜2)2
+ 2i
[ 1
z˜3
η˜i(ρM )ij z˜
M (∂sθ˜
j − θ˜j − i
z˜
η˜j(∂sx− x))
+
1
z˜3
η˜i(ρ
†
M )
ij z˜M (∂sθ˜j − θ˜j + i
z˜
η˜j(∂sx
∗ − x∗))
]
.
10Notice that compared to [16] the (t, s) coordinates are defined here with an extra factor of 2, so that the masses of
the fluctuations fields are m2 = (4, 2, 1) instead of the values m2 = (1, 1/2, 1/4) used in [16].
6
The spectrum of excitations can be read off from the quadratic part of the fluctuation Lagrangian:
L2 = ∂αφ˜∂αφ˜+ 4φ˜2 + ∂αx˜∂αx˜∗ + 2x˜x˜∗ + ∂αya∂αya
+ 2i (θ˜i∂tθ˜i + η˜
i∂tη˜i) + 2i η˜
i(ρ6)ij(∂sθ˜
j − θ˜j) + 2i η˜i(ρ†6)ij(∂sθ˜j − θ˜j) , (2.14)
where ∂α = (∂0, ∂1) = (∂t, ∂s). Thus we see that the bosonic modes are: (i) one field (φ˜) with m
2 = 4;
(ii) two fields (x˜, x˜∗) with m2 = 2; (iii) five fields (ya) with m2 = 0. Notice that unlike the case
of the conformal gauge, here the bosonic propagator is diagonal. The tree level 2-point functions in
momentum space are simply (p2 ≡ pαpα = p20 + p21, p0 = pt, p1 = ps)
〈x˜(p)x˜∗(−p)〉0 = 2π√
λ
2
p2 + 2
, 〈φ˜(p)φ˜(−p)〉0 = 2π√
λ
1
p2 + 4
, 〈ya(p)yb(−p)〉0 = 2π√
λ
δab
p2
. (2.15)
In fact, one can see that the boson 2-point function matrix should remain diagonal to any loop order,
because the Lagrangian has a global SO(2)x˜ × SO(5)y symmetry which prevents mixing between the
bosonic fields.
Computing the determinant of the fermionic kinetic operator in momentum space [16], one finds
that the 8 physical fermionic degrees of freedom all have m2 = 1, as required by the SO(6) symmetry
of the null cusp background [8]. The non-trivial tree level 2-point functions read
〈θi(p)ηj(−p)〉0 = − 2π√
λ
p1 − i
p2 + 1
(ρ†6)
ij , 〈θi(p)ηj(−p)〉0 = − 2π√
λ
p1 − i
p2 + 1
ρ6ij ,
〈θi(p)θj(−p)〉0 = 〈ηi(p)ηj(−p)〉0 = − 2π√
λ
p0
p2 + 1
δij . (2.16)
To compute 1-loop corrections to the 2-point functions we need to expand the above fluctuation action
to quartic order. The cubic and quartic interaction vertices can be read off from
L3 = −4φ˜ |∂sx˜− x˜|2 + 2φ˜ [(∂tφ˜)2 − (∂sφ˜)2] + 2φ˜ [(∂tya)2 − (∂sya)2]
−4iφ˜ [η˜i (ρ6)ij(∂sθ˜j − θ˜j) + η˜i (ρ†6)ij(∂sθ˜j − θ˜j)]
+2iya [η˜i (ρa)ij(∂sθ˜
j − θ˜j) + η˜i (ρ†a)ij(∂sθ˜j − θ˜j)] + 2iη˜i (ρa6)ij η˜j∂tya
+2η˜i (ρ6)ij η˜
j(∂sx˜− x˜)− 2η˜i (ρ†6)ij η˜j(∂sx˜∗ − x˜∗) (2.17)
and
L4 = +8 φ˜2 |∂sx˜− x˜|2 + 2φ˜2 [∂αφ˜∂αφ˜+ 2
3
φ˜2] + 2φ˜2 ∂αy
a∂αy
a − 1
2
yaya ∂αy
b∂αy
b
+i(4φ˜2 − yaya) [η˜i (ρ6)ij(∂sθ˜j − θ˜j) + η˜i (ρ†6)ij(∂sθ˜j − θ˜j)]
−4iφ˜ ya [η˜i (ρa)ij(∂sθ˜j − θ˜j) + η˜i (ρ†a)ij(∂sθ˜j − θ˜j)]
−6φ˜ [η˜i (ρ6)ij η˜j(∂sx˜− x˜)− η˜i (ρ†6)ij η˜j(∂sx˜∗ − x˜∗)]
−2iya∂tyb η˜i (ρab)ij η˜j − η˜i (ρa6)ij η˜j η˜k (ρa6)klη˜l − η˜i η˜i η˜j η˜j . (2.18)
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(b)(a)
Figure 1: The topologies of 1PI graphs contributing to the two point function
at 1-loop.
Figure 2: The tadpole topology of the graph contributing to the two point
function at 1-loop. The bubble is fermionic and it is connected to the propa-
gator by a zero-momentum φ˜ line.
3 The 2-point functions at 1-loop order
In this section we present the details of our computation of the 1-loop correction to the 2-point
functions of the fluctuation fields. The calculation is, in principle, straightforward: after reading off
the Feynman rules from (2.17),(2.18) we shall simply compute the relevant 1-loop self-energy diagrams.
A peculiarity of the light-cone action expanded around the null cusp, which was noticed in [16], is
that the fluctuation field φ˜ acquires a non-trivial UV divergent one-point function at 1-loop
〈φ˜〉 = − 8π√
λ
∫
d2q
(2π)2
q21 + 1
q2 + 1
(3.1)
which is due to the φ˜η˜θ˜-interaction in (2.17). The presence of this tadpole implies that, besides the
one-particle irreducible diagrams of Fig. 1, we should include the one-particle reducible topology in
Fig. 2. Similarly to the calculation of the partition function [16], the inclusion of this diagram is
important for the cancellation of divergences. Below we shall use the following notation for the
1-loop integrals:
I[m2] =
∫
d2q
(2π)2
1
q2 +m2
, (3.2)
and
G[m21,m
2
2; p
2] =
∫
d2q
(2π)2
1
(q2 +m21)((p − q)2 +m22)
=
1
4π
∫ 1
0
dx
1
p2x(1− x) +m21x+m22(1− x)
. (3.3)
8
The latter is UV finite and equal to
G[m21,m
2
2; p
2] =
ln
p2+m21+m
2
2+
√
(p2+m21+m
2
2)
2−4m21m22
p2+m21+m
2
2−
√
(p2+m21+m
2
2)
2−4m21m22
4π
√
(p2 +m21 +m
2
2)
2 − 4m21m22
. (3.4)
In particular, we find that (|p| =
√
p2)
G[m2,m2; p2] =
arcsinh |p|2m
π |p|
√
p2 + 4m2
. (3.5)
3.1 The m =
√
2 bosons
Let us start from the correction to the x˜x˜∗ 2-point function, which is the one involving the smaller
number of diagrams due to the simplicity of the relevant vertices. The purely bosonic contribution to
the 1-loop correction is
〈x˜(p)x˜∗(−p)〉bose1 =
(
2π√
λ
)2
32
p21 + 1
(p2 + 2)2
[∫
d2q
(2π)2
(p1 − q1)2 + 1
(q2 + 4)((p − q)2 + 2) −
1
2
∫
d2q
(2π)2
1
q2 + 4
]
. (3.6)
The first term here arises from the 3-vertex x˜x˜∗φ˜, while the second one from the 4-vertex x˜x˜∗φ˜2.
The contributions involving fermions come from the 3-vertex x˜η˜iη˜
j and from the diagram in Fig. 2
obtained by attaching the φ˜ tadpole to the propagator using the x˜x˜∗φ˜ vertex. The sum of the two
diagrams read
〈x˜(p)x˜∗(−p)〉fermi1 =
(
2π√
λ
)2
32
p21 + 1
(p2 + 2)2
[∫
d2q
(2π)2
(q0 − p0)q0
(q2 + 1)((p − q)2 + 1) −
∫
d2q
(2π)2
q21 + 1
q2 + 1
]
. (3.7)
One can see that the purely bosonic part eq. (3.6) and the fermionic part eq. (3.7) are separately free
of logarithmic UV divergences. In (3.7), the tadpole contribution is important to achieve this.
The 1-loop integrals above may be evaluated in several different ways. We will choose to first
perform a tensor reduction of the numerator factors, as described, for example, in the Appendix of
[16]. We find
〈x˜(p)x˜∗(−p)〉bose1 =
(
2π√
λ
)2 p21 + 1
(p2 + 2)2
[
8
(p2)2
((
p2 + 2
)2
+ 4p2
)
(p21 − p20)G[2, 4; p2]
− 8
(p2)2
(
p2 + 2
)
(p20 − p21)(I[4] − I[2])
]
(3.8)
for the bosonic contribution and
〈x˜(p)x˜∗(−p)〉fermi1 =
(
2π√
λ
)2 p21 + 1
(p2 + 2)2
[
− 8
p2
((p2)2 + 4p21)G[1, 1; p
2]
]
(3.9)
for the fermionic contribution.
9
Putting the two pieces together, the 1-loop correction to the x˜x˜∗ 2-point function is
〈x˜(p)x˜∗(−p)〉1 =
(
2π√
λ
)2 p21 + 1
(p2 + 2)2
[
8
(p2)2
((
p2 + 2
)2
+ 4p2
)
(p21 − p20)G[2, 4; p2]
− 8
p2
(
(p2)2 + 4p21
)
G[1, 1; p2]− 8
(p2)2
(
p2 + 2
)
(p20 − p21)(I[4] − I[2])
]
≡
(
2π√
λ
)2 2
(p2 + 2)2
F
(1)
x˜x˜∗(p0, p1) (3.10)
Thus the resummed 2-point function in the 1-loop approximation is
〈x˜(p)x˜∗(−p)〉 = 2π√
λ
2
p2 + 2− 2π√
λ
F
(1)
x˜x˜∗(p0, p1)
. (3.11)
The pole of the propagator is at p2 = −2 + O( 1√
λ
); therefore, to the 1-loop order we only need the
“on-shell” value of F
(1)
x˜x˜∗(p0, p1) which, using (3.4), i.e. G[1, 1; p
2 = −2] = 4G[2, 4; p2 = −2] = 18 , is
simply
F
(1)
x˜x˜∗(p0, p1)|p2=−2 =
1
2
(
p21 + 1
)2
. (3.12)
The 1-loop corrected dispersion relation for the 2 bosons of mass m2 = 2 is then
p2 = −2 + π√
λ
(
p21 + 1
)2
+O( 1
λ
) . (3.13)
Wick-rotating to the Minkowski signature (p0, p1) = (iE, p1), this gives the dispersion relation
E2 = p21 + 2−
π√
λ
(p21 + 1)
2 +O( 1
λ
)
=
(
p21 + 2−
π√
λ
)[
1− π√
λ
p21
]
+O( 1
λ
) . (3.14)
This precisely agrees with the result of [10].
3.2 The m = 2 boson
Let us now consider the correction to the 〈φ˜φ˜〉 2-point function. This calculation is especially inter-
esting because this mode is absent in the analysis of [10].
Computing the relevant diagrams, one finds that the contributions corresponding to the topology
involving two 3-vertices, Fig. 1(a), are (below sαβ =diag(1,−1))
〈φ˜(p)φ˜(−p)〉V3V31 =
(
2π√
λ
)2 1
(p2 + 4)2
∫
d2q
(2π)2
[
sαβsγδ
2qαqγ(qβqδ + 2pβqδ − 3pβpδ) + 4qαpβpγpδ
(q2 + 4)((p − q)2 + 4)
+ 16
(q21 + 1)((p1 − q1)2 + 1)
(q2 + 2)((p − q)2 + 2) + 10s
αβsγδ
qαqγ(pβ − qβ)(pδ − qδ)
q2(p− q)2
− 32((p1 − q1)
2 + 1)(q21 + 1 + q0(p0 − q0))
(q2 + 1)((p − q)2 + 1)
]
. (3.15)
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Here the first two lines include all purely bosonic contributions, while the last line corresponds to the
diagram with a fermion loop. The contributions to the graph in Fig. 1(b) including the 4-vertex are
〈φ˜(p)φ˜(−p)〉V41 =
(
2π√
λ
)2 1
(p2 + 4)2
∫
d2q
(2π)2
[
− 2q
2 + 4 + p2
q2 + 4
− 16q
2
1 + 1
q2 + 2
− 10q
2
q2
+ 32
q21 + 1
q2 + 1
]
=
(
2π√
λ
)2 1
(p2 + 4)2
∫
d2q
(2π)2
[
− 2 p
2
q2 + 4
+ 16
1
q2 + 1
]
. (3.16)
Here in the second step we have dropped purely power-like divergences (using rotational invariance
when needed). Finally, the tadpole diagram of Fig. 2 gives
〈φ˜(p)φ˜(−p)〉tad.1 =
(
2π√
λ
)2
8
p20 − p21
(p2 + 4)2
∫
d2q
(2π)2
q21 + 1
q2 + 1
=
(
2π√
λ
)2
4
p20 − p21
(p2 + 4)2
∫
d2q
(2π)2
1
q2 + 1
. (3.17)
While the integrals appearing in the 〈x(p)x∗(−p)〉 2-point function could also be analyzed directly
through a Feynman parametrization, this does not seem to be convenient for the integrals appearing
in eq. (3.15). Tensor-reducing the numerator factors yields:
〈φ˜(p)φ˜(−p)〉V3V31 =
(
2π√
λ
)2 1
(p2 + 4)2
[
2
(p2)2
(p2 + 4)2(p20 − p21)2G[4, 4; p2]− 8 I[4]
+
(
(p2 + 4)2 + 64
(
p41
(p2)2
− p
2
1
p2
))
G[2, 2; p2]− 2(4 + p2) I[2]
− 4 p
2
1
(p2)2
(p2 + 4)((p2)2 + 4p21)G[1, 1; p
2] + 8p21I[1]
]
(3.18)
Summing up the contributions in eq. (3.16),(3.17) and (3.18) we see that all UV divergences cancel
out, since they combine into 2(p2 + 4) (2I[1]− I[2]− I[4]) = (p2 + 4)3 ln 22π . So the final result for the
1-loop correction to the φ˜ propagator is
〈φ˜(p)φ˜(−p)〉1 =
(
2π√
λ
)2 1
(p2 + 4)2
[
2
(p2)2
(p2 + 4)2(p20 − p21)2G[4, 4; p2]
+
(
(p2 + 4)2 + 64
(
p41
(p2)2
− p
2
1
p2
))
G[2, 2; p2]− 4 p
2
1
(p2)2
(p2 + 4)((p2)2 + 4p21)G[1, 1; p
2] + (p2 + 4)
3 ln 2
2π
]
≡
(
2π√
λ
)2 1
(p2 + 4)2
F
(1)
φ˜φ˜
(p0, p1) (3.19)
As we will discuss in detail in section 4, to obtain the corrected dispersion relation, it is sufficient as
before to evaluate F
(1)
φ˜φ˜
(p0, p1) on-shell, i.e. at p
2 = −4. From (3.4) one finds that
G[4, 4; p2 = −4] = 1
24
√
3
, G[2, 2; p2 = −4] = 1
16
. (3.20)
The third integral, G[1, 1; p2 = −4] diverges, since
G[1, 1; p2] =
arcsinh |p|2
π |p|
√
p2 + 4
. (3.21)
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This integral corresponds to the graph in Fig. 1(a) with a fermion loop and external φ˜ field. The
divergence can be attributed to the fact that due to the value of the masses, the m = 2 boson may
kinematically decay11 into a pair of on-shell m = 1 fermions. However, the integral G[1, 1; p2] appears
in our result (3.19) multiplied by a factor (p2 + 4), and hence
limp2→−4 (p
2 + 4)G[1, 1; p2] = 0 . (3.22)
Therefore, due to dynamical reasons (the particular structure of the relevant cubic coupling in (2.17)),
the fermionic loop contribution actually drops out of the on-shell self-energy. In section 4 we will
see that, in contrast to the case considered in [15], the off-shell behavior of this term does not affect
the existence of a real simple pole of the quantum corrected propagator due to the presence of other
non-vanishing contributions. Indeed, we find that
F
(1)
φ˜φ˜
(p0, p1)|p2=−4 =
1
4
p21(p
2
1 + 4) . (3.23)
Then our final result is that the dispersion relation for φ˜ at 1-loop is
p2 = −4 + π
2
√
λ
p21(p
2
1 + 4) +O(
1
λ
) . (3.24)
In Minkowski signature this gives
E2 =
(
p21 + 4
) [
1− π
2
√
λ
p21
]
+O( 1
λ
) . (3.25)
We observe that the mass, defined as the energy at zero momentum, does not receive corrections at
1-loop order, unlike the case of the m =
√
2 boson (cf. (3.14)).
3.3 The massless bosons
To conclude the analysis of bosonic fluctuations, let us consider the 1-loop propagator for the 5 massless
fields ya. The contributions from the topology in Fig. 1(a) is
〈ya(p)yb(−p)〉V3V31 =
(
2π√
λ
)2 δab
(p2)2
∫
d2q
(2π)2
[
4(p0q0 − p1q1)2
q2((p− q)2 + 4)
+ 8
((p1 − q1)2 + 1)(q21 + 1− q0(p0 − q0))
(q2 + 1)((p − q)2 + 1)
+ 4
p20q0(p0 − q0)
(q2 + 1)((p − q)2 + 1) − 16
(q21 + 1)p0(p0 − q0)
(q2 + 1)((p − q)2 + 1)
]
. (3.26)
Here the first term in square brackets comes from the purely bosonic contribution, while the other
three are due to fermions. We can now simplify these integrals by performing a tensor reduction of
11Note that G[1, 1; p2] is the only potential source for an imaginary contribution (for p2 ≤ −4) to F (1)
φ˜φ˜
(p0, p1).
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the numerators. To highlight the fact that the bosonic contribution is IR finite, we can make use of
the identity (G[m21,m
2
2; p
2] was defined in (3.3))
G[0,m2; p2] =
1
p2 +m2
(
1
2π
ln
m2 + p2
m2
− I[m2] + I[0]
)
. (3.27)
Then we have
〈ya(p)yb(−p)〉V3V31 =
(
2π√
λ
)2 δab
(p2)2
[
1
2π(p2)2
(4 + p2)((p2)2 − 8p20p21) ln(1 +
p2
4
) + 2p2I[4]
+
4
p2
p20((p
2)2 + 4p21)G[1, 1; p
2] + (4− 8p20)I[1]
]
. (3.28)
The contributions coming from the 4-vertex are
〈ya(p)yb(−p)〉V41 =
(
2π√
λ
)2 δab
(p2)2
∫
d2q
(2π)2
[
5
2
p2
q2
− 2 p
2
q2 + 4
− 8q
2
1 + 1
q2 + 1
]
=
(
2π√
λ
)2 δab
(p2)2
[
5
2
p2I[0]− 2p2I[4]− 4I[1]
]
. (3.29)
Finally, the contribution of the diagram involving the tadpole is
〈ya(p)yb(−p)〉tad.1 =
(
2π√
λ
)2 δab
(p2)2
∫
d2q
(2π)2
4
p20 − p21
q2 + 1
=
(
2π√
λ
)2 δab
(p2)2
4(p20 − p21)I[1] . (3.30)
Summing everything up, we get
〈ya(p)yb(−p)〉1 =
(
2π√
λ
)2 δab
(p2)2
[
1
2π(p2)2
(4 + p2)((p2)2 − 8p20p21) ln
(
1 +
p2
4
)
+
4
p2
p20((p
2)2 + 4p21)G[1, 1; p
2]− 4p2I[1] + 5
2
p2I[0]
]
≡
(
2π√
λ
)2 δab
(p2)2
F (1)yy (p0, p1) . (3.31)
To obtain the corrected dispersion relation, we again need to evaluate F
(1)
yy (p0, p1) on-shell, i.e. at
p2 = 0, or p20 = −p21. Then all of the UV and IR divergences in the result drop out.12 Using that at
small p2 we have G[1, 1; p2] = 14π − p
2
24π + . . ., and taking the limit p
2
0 → −p21 in the above expression,
we obtain
F (1)yy (p0, p1)|p20→−p21 =
7
6π
p41 . (3.32)
Notice that in the limit p20 → −p21 there is a cancellation of singular terms between the bosonic and
fermionic contributions. Using this on-shell value, we conclude that the 1-loop corrected dispersion
relation for the 5 massless fields is
p2 =
7
3
√
λ
p41 +O(
1
λ
) . (3.33)
Going to Minkowski signature (p0, p1) = (iE, p1), this gives the dispersion relation
E2 = p21
(
1− 7
3
√
λ
p21
)
+O( 1
λ
) . (3.34)
12IR divergences are nevertheless expected to show up at higher orders or in more complicated objects like scattering
amplitudes indicating that massless 2d scalars should not be proper asymptotic states at finite coupling.
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3.4 The fermions
Let us finally look at the 1-loop correction to the 2-point function of the 8 fermionic fluctuations. The
intermediate expressions for the various diagrams are much more involved in this case, and therefore
we will omit most of the details here.
From the explicit 1-loop calculation, one can see that the non-vanishing entries in the fermion 2-
point function matrix remain the same ones as at the tree level (2.16). In fact, the 1-loop corrections
to the fermionic propagators can be written in the form
〈θ˜i(p)η˜j(−p)〉1 = −
(
2π√
λ
)2 p1 − i
(p2 + 1)2
(ρ†6)
ij F
(1)
θ˜η˜
(p0, p1) ,
〈θ˜i(p)η˜j(−p)〉1 = −
(
2π√
λ
)2 p1 − i
(p2 + 1)2
ρ6ij F
(1)
θ˜η˜
(p0, p1)
〈θ˜i(p)θ˜j(−p)〉1 = −
(
2π√
λ
)2 p0
(p2 + 1)2
δij F
(1)
θ˜θ˜†
(p0, p1)
〈η˜i(p)η˜j(−p)〉1 = −
(
2π√
λ
)2 p0
(p2 + 1)2
δij F
(1)
η˜η˜†(p0, p1) . (3.35)
Here F
(1)
θ˜η˜
, F
(1)
θ˜θ˜†
, F
(1)
η˜η˜† are SU(4) scalars which are independent functions when momenta are off-shell.
However, it turns out that they coincide up to terms which vanish on-shell (i.e. at p2 = −1). Com-
puting the relevant 1-loop diagrams, reducing them to scalar integrals and dropping terms which do
not contribute on-shell, one indeed finds that
F
(1)
θ˜η˜
(p0, p1)|p2=−1 = F
(1)
θ˜θ˜†
(p0, p1)|p2=−1 = F
(1)
η˜η˜†(p0, p1)|p2=−1
= 16p21(1 + p
2
1)G[1, 2; p
2] + 4(1 + p21)
(
I[4] + 2I[1] − 5
4
I[0]
)
+ 4(1 + p21)
(
5
4
I[0]− I[4]
)
− 8(1 + p21)I[1] , (3.36)
where the terms in the three lines correspond respectively to the contributions of the diagram in
Fig. 1(a), Fig. 1(b) and Fig. 2. Notice that the integral G[1, 4; p2] turns out to be absent when
restricting to on-shell momenta, and so does the finite part of the integral G[1, 0; p2] (to extract the
finite part, we can use the identity (3.27)). Summing up the contributions in the three lines above,
we find that the UV and IR divergences cancel on-shell. Using that G[1, 2; p2 = −1] = 1/16 we are
then left with
F
(1)
θ˜η˜
(p0, p1)|p2=−1 = F
(1)
θ˜θ˜†
(p0, p1)|p2=−1 = F
(1)
η˜η˜†(p0, p1)|p2=−1 = p21(1 + p21) . (3.37)
Inserting this into the 1-loop propagators in (3.35) and comparing to the tree level expressions (2.16),
we see that the effect of the 1-loop correction is to shift all denominators by the same amount
1
p2 + 1
→ 1
p2 + 1− 2π√
λ
p21(1 + p
2
1)
, (3.38)
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so that for all fermions we obtain the same dispersion relation (as expected by the SO(6) symmetry)
p2 = −1 + 2π√
λ
p21(1 + p
2
1) +O(
1
λ
) . (3.39)
In Minkowski signature this gives
E2 =
(
p21 + 1
) [
1− 2π√
λ
p21
]
+O( 1
λ
) , (3.40)
which is again in agreement with the ABA result of [10].
4 Comments on poles of the 2-point function, physical states and stability
In the previous section we evaluated the 1-loop correction to the 2-point function of the worldsheet
excitations around the long spinning string or, equivalently, the null cusp minimal surface. We carried
out the computation on a Euclidean worldsheet; upon analytic continuation to 2d Lorentzian signature
(p0 → iE), the 1-loop corrections modify the dispersion relation of these excitation by shifting position
of the pole of the tree-level 2-point functions. In general, depending on the precise structure of the
1-loop correction to the amputated 2-point function (“self-energy” operator) Π(p0, p1;λ), the position
of the real pole in the classical propagator may get shifted but it may also happen that the pole may
disappear being replaced by a branch cut. In the latter case the corresponding field will no longer
represent an asymptotic particle state, as was suggested in [15] for the heavier BMN field in string
theory in AdS4×CP3. As we have seen, in our case the situation is different: all classical excitations,
including the heaviest AdS3 mode φ˜, continue to exhibit poles in their quantum-corrected propagator.
Let us discuss the difference with the example in [15] in more detail.
4.1 Existence of poles in the 2-point function
Consider a field Φ with the classical mass-shell condition p2 + m2 = 0 and the quantum-corrected
2-point function having a generic form (p2 = p20 + p
2
1 = −E2 + p21)
〈Φ(p)Φ(−p)〉 = 1
p2 +m2 −Π(p0, p1;λ) , Π(p0, p1;λ) =
2π√
λ
F (1)(p0, p1) +O( 1(√λ)2 ) , (4.1)
where we assumed that the theory is such that, like in (2.17),(2.18), the interaction terms do not in
general preserve 2d Lorentz invariance.13 The corrected dispersion relation is then determined by the
real solutions of p2 +m2 −Π(p0, p1;λ) = 0. As usual, the existence of a real simple pole of the exact
propagator is equivalent to the possibility to identify the excitations of the field Φ as free asymptotic
particles.
13In our present case the 2d Lorentz invariance is broken “spontaneously” by the choice of the classical background
and gauge-fixing condition.
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Let us further assume that the 1-loop term in Π has the following form
F (1)(p0, p1) = a0 + a1/2(p
2 +m2)1/2 + a1(p
2 +m2) + a2(p
2 +m2)2 , ak = ak(p0, p1) , (4.2)
where the coefficients ak should be regular at p
2 = −m2. This is actually the structure we have
found in (3.19) (and also in (3.10) and (3.31) and the off-shell fermion 2-point function; in these cases
a1/2 = 0). The non-analytic (p
2 +m2)1/2 term appears in the propagator of the AdS3 mode φ˜
14 and
also in the case of the heavy BMN mode in [15] due to the possibility of a threshold two-body decay
of the field of mass m into two fields of mass 12m present in the theory.
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In the case considered in [15] it was conjectured that due to underlying supersymmetry the leading
coefficient a0 should vanish
16 so that the non-trivial part of F (1) close to the original mass shell is
essentially determined by the threshold term,
F (1)(p0, p1)AdS4×CP3
= a1/2(p
2 +m2)1/2 +O(p2 +m2) , a1/2 = −
1
4π
p21 , (4.3)
where the value of a1/2 was found [15] by the explicit 1-loop computation.
17 In this case the condition
for existence of a pole in the propagator (4.1) may be written as
−E2 + p21 +m2 −
2π√
λ
a1/2(−E2 + p21 +m2)1/2 = O( 1(√λ)2 ) , (4.4)
i.e. for E ≈ e(p1) +O( 1√λ) where e(p1) ≡
√
p21 +m
2 we get
E − e(p1) +
2π a1/2√
λ
√
2e(p1)
√
e(p1)− E = O( 1(√λ)2 ) . (4.5)
This equation does not have a solution E = e(p1)+O( 1(√λ)2 ) for a real pole in E since a1/2 < 0.18 The
resulting conclusion of [15] was that in such case the particle of mass m dissolves in the continuum of
2-particle states of field of mass 12m, i.e. it does not exist as an asymptotic state in the spectrum at
finite λ.
The main difference of this case compared to our analysis of the propagator of the φ˜ mode with
m2 = 4 is that here a0 6= 0 in (3.19), i.e. F (1)φ˜φ˜ |p2=−m2 = a0 6= 0 (see (3.23)). As a result, the real
14More precisely, the origin of this non-analyticity is due to the term (p2 + 4)G[1, 1; p2] ∼
√
p2 + 4 in (3.19).
15In (4.2) we assumed that there is no (p2+m2)−1/2 term in F (1). Such term would appear e.g. for a system of two fields
with masses m and 1
2
m and a cubic interaction without derivatives, i.e. L = ∂αΦ∂αΦ+m
2Φ2+∂αΨ∂αΨ+
1
4
m2Ψ2+hΨ2Φ.
In our case, as well as in [15], this long distance singularity is softened by the special structure of the relevant part of
3-vertex coupling in the action.
16It would be interesting to check this conjecture by an explicit computation.
17Here for simplicity we identify our expansion parameter 1√
λ
with 1√
2λ
in [15]. Also, in [15] one had m2 = 1 for
the heavier BMN mode. The relation between our notation and that of [15] is as follows: E → ω, p1 → p, e(p1) ≡
√
p21 +m
2 → E(p).
18Note that the validity of this statement again rests on the conjecture that 2-loop and higher corrections to Π in this
case vanish on the tree level mass shell E = e(p1). Otherwise the O( 1
(
√
λ)2
) term in the r.h.s. of (4.4) may lead to a
non-trivial solution E = e(p1) +
q
(
√
λ)2
with real q.
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pole of the corrected propagator is readily found and was already given in (3.25). Indeed, we find (cf.
(4.4),(4.5))
−E2 + p21 +m2 −
2π√
λ
a0 = O( 1(√λ)2 ) , (4.6)
E = e(p1)− π√
λ
a0
e(p1)
+O( 1
(
√
λ)2
) = e(p1)
[
1− π
4
√
λ
p21
]
+O( 1
(
√
λ)2
) , (4.7)
which is equivalent to (3.25) for a0 =
1
4p
2
1[e(p1)]
2 in (3.23). As a result, this heavy AdS3 mode remains
an asymptotic state in the spectrum. The same analysis applies also to all the other excitations we
discussed in section 3 (which also have a0 6= 0 in their self-energy operator) leading to the dispersion
relations in (3.14), (3.34) and (3.40).
As a remark, let us however note that there is still a possible scenario in which a slightly modified
version of the argument of [15] described above appears to apply. Suppose that the denominator of
the all-loop resummed 2-point function takes the form
p2 +m2 −Π(p0, p1;λ) = ∆− 2π√
λ
a1/2 ∆
1/2 − 2π√
λ
∑
k≥1
ak ∆
k (4.8)
∆ ≡ p2 + m˜2(p0, p1;
√
λ) , m˜2(p0, p1;
√
λ) = m2 − 2π√
λ
a0(p0, p1;
√
λ) ,
ar ≡ ar(p0, p1;
√
λ) = ar(p0, p1) +O( 1√
λ
) , r = 0, 1/2, 1, ...
Note that this structure is, in principle, compatible with our 1-loop result for 〈φ˜(p)φ˜(−p)〉. Expanding
in powers of 1√
λ
, one would find a pole to any order in perturbation theory, in particular reproducing
the 1-loop dispersion relation as described above. However, the zero of the exact denominator at
p2 = −m˜2 does not yield a simple pole of the 2-point function but just a branch cut due to the square
root term. Therefore, as in [15], one may be led to the conclusion that the particle of mass m dissolves
in the continuum of two-particle states. While this is, in principle, a possibility we cannot rule out, we
would like to stress that it relies on very strong assumptions regarding the analytic structure of the
higher loop corrections to the 2-point function, which, in the absence of explicit calculations, appear
to be not very well motivated. It would be interesting to explore this further by examining, e.g., the
2-loop corrections to the propagator.
It is interesting to further discuss the consequences of the presence of the non-analytic term
F
(1)
φ˜φ˜
(p0, p1) = a1/2(p
2 + 4)1/2 + . . . (4.9)
in the 1-loop self-energy for the field φ˜ at higher orders in perturbation theory in 1√
λ
. Here the explicit
value of a1/2 can be read off from eq. (3.19) and the omitted terms are analytic close to the mass-shell.
When solving perturbatively for the poles of the quantum corrected 2-point function, one would need
to evaluate F
(1)
φ˜φ˜
(p0, p1) at the position of the 1-loop corrected pole. According to eq. (3.24),(4.6), this
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is given by p2 + 4 = π
2
√
λ
p21(p
2
1 + 4) ≥ 0, i.e. the energy E in (4.7) is shifted below the threshold,
E − e(p1)6 0. Therefore, the 1-loop self-energy remains real on the 1-loop corrected mass shell which
is consistent with our conclusion that φ˜ represents a stable asymptotic state in the spectrum (the
presence of an imaginary part would imply a non-vanishing decay width, see the next subsection).
We notice, at the same time, that the presence of the square root term in (4.9) introduces a potential
non-analyticity in the on-shell value of the self-energy of φ˜ considered as a function of
√
λ and p1.
Indeed,
(p2 + 4)1/2|
p2+4= pi
2
√
λ
p21(p
2
1+4)
∼ λ−1/4
√
p21(p
2
1 + 4) . (4.10)
As a result, the next to the leading correction in the dispersion relation (4.7) would actually be of
order 1
λ3/4
instead of the expected O( 1
(
√
λ)2
) one. It is possible that this non-analytic behavior, which
would single out φ˜ as being very different from the other fluctuation fields, may be compensated by
suitable contributions to the 2-loop self-energy F
(2)
φ˜φ˜
(p0, p1).
19 Once again, an explicit 2-loop calculation
appears to be needed in order to settle this question.
4.2 On higher-order stability of the m = 2 field
The field φ˜ is kinematically allowed to decay into a pair of fermions and the relevant interaction terms
are present in the Lagrangian (2.13). The existence of this decay becomes therefore a dynamical
question. As we have seen above, the poles of the 1-loop corrected 2-point function are real. The
absence of an imaginary part at this order implies that φ˜ has vanishing decay width Γ at the tree-
level. Indeed, the two are related via the optical theorem
Γ =
1
m
Im Π|
p2=−m2 , (4.11)
where in the present case m2 = 4 and Π = 2π√
λ
F
(1)
φ˜φ˜
(p0, p1) + ... is the sum of all quantum corrections
to the amputated on-shell 2-point function. The knowledge of n-loop corrections to Π thus allows one
to deduce the (n − 1)-loop decay width. Since, as was already discussed, the on-shell 1-loop 2-point
function found in section 3.2 is real, the total tree-level decay width vanishes.
Reversing the logic of the optical theorem and further using the generalized unitarity to disentangle
various multi-particle decay channels, we can gain information about the 1-loop stability of the φ˜ field.
Indeed, the complete imaginary part may be evaluated as the on-shell limit of the unitarity cut of the
off-shell 2-point function. At the 1-loop level, see Fig. 3(a), this is nothing but the product of certain
on-shell tree-level vertices and two cut propagators (i.e. the residues of Feynman propagators at the
positive energy poles). At the 2-loop level, the unitarity cut receives two types of contributions: two-
particle cuts shown in Fig. 3(b), and three-particle cuts shown in Fig. 3(c). Through the generalized
unitarity method (see, e.g., [22, 12] and references therein) these two contributions may be computed
19This could happen, for example, if F
(2)
φ˜φ˜
(p0, p1) contains a non-analytic term proportional to (p
2 + 4)−1/2.
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(a) (b) (c)
Figure 3: Unitarity cuts at one and two loops. In figure (b) the right hand side part denotes a 1-loop
vertex correction. The black dots in figure (c) represent on-shell 4-point amplitudes, which receive
contributions from the 4-point vertices as well as from the two three-point vertices.
and interpreted separately. Each of these two contributions is responsible for one decay channel:
Fig. 3(b) contains contributions to a two-particle final state while Fig. 3(c) contains contributions to
a three-particle final state.
By analyzing the 1-loop unitarity cut it is easy to see that the product between the φ˜η˜θ˜ 3-point
vertex (the second line of (2.17)) and two-cut fermion propagators is proportional to (p2+4)1/2 where
p is the momentum of φ˜; it thus vanishes for an on-shell field. This shows that the appearance of
the similar factor arising from (p2 + 4)G[1, 1; p2] in 〈φ˜(p)φ˜(−p)〉 does not rely on summing over all
fermionic degrees of freedom.
This observation has an immediate consequence for the part of the cut of the 2-loop 2-point function
that describes the decay of φ˜ into two fermions, Fig. 3(b). Indeed, this cut as well as the one in which
the vertex correction is on the left side of the cut are proportional to the same product of the φ˜η˜θ˜ 3-
point vertex and two-cut fermion propagators and therefore vanish on shell. Consequently, the 1-loop
partial decay width into two fermions vanishes.20
The analysis of the three-particle cut 3(c) is more involved and will not be attempted here. It is
possible that the most efficient way to extract it is from the 2-loop expression for the 2-point function
which would be interesting to compute.
5 Concluding remarks
In this paper we used superstring sigma model perturbation theory to compute the leading strong-
coupling corrections to the dispersion relations of the fluctuation modes near the long spinning string
in AdS5 and compared the results with the asymptotic Bethe ansatz predictions [10].
There are several directions that may be interesting to explore. One is extending our computation
to the 2-loop level with a possibility of further comparison to the corresponding terms in ABA [10].
That would also check our unitarity-based arguments about the stability of the heaviest AdS3 mode
20In drawing this conclusion we assumed that the 1-loop three-point function is less singular than (p2 + 4)−1/2 on the
mass shell of φ˜.
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φ˜. Such 2-loop computation would be similar in spirit to a 3-loop computation of the cusp anomaly
and at the moment appears to be technically challenging.
Also interesting would be the analysis of multi-excitations/bound states and the computation of the
scattering matrix for all the fluctuations. Such a calculation would potentially access the higher-twist
excitations discussed in [10] and provide further detailed tests of the ABA.
Another generalization is to the case of non-zero angular momentum in S5, which should allow to
determine corrections to the dispersion relations in (1.7),(1.8). As discussed in the introduction, that
may also help clarify the fate of the heaviest excitation mode.
Finally, it would be interesting to apply direct string sigma model techniques developed in [16, 17]
and here to the computation of strong-coupling corrections to the null polygonal Wilson loops via the
OPE approach of [11].
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